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H. Arakawa. 


In the study of the transmission of elastic waves in the earth crust, many 
authors, especially among Japanese scismologists, have used the ray theory 
deduced directly from Fermat's principle of the least time. The upper part 
of the carth crust may be considered as one in which there is a variable 
distribution of the elastic constants. If the gradient of the variable distribution 
is so small that the velocity of progagation of elestic waves only changes 
a small fraction in a wave length, the ray theory is valid. But where the 
gradients are too sharp or the wave lengths too long, the ray method is only 
approximate and the full wave method must be used. 

It is the object of the paper to discover how far such approximations are 
justified. Recent researches in the wave mechanics and the radio-waycs are 
uscful for the present problem. 


§1. In the Cartesian coordinates the stress and strain relations in an 


elastic material are 
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where u, v, w, are displacement components and Xz, Vy, Z:, Y+, Zy,----, the 


stress components and A, # the Lamé’s constants at a pont (x, y, 2), respec- 
tively. 


The cquations of motion are 
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where p is the density and the external foree is neglected. 

From Eggs. (1) and (2), we have 

k du, av aw Ou a av au ai, (Aw, au 

rae ay +5,)*2e BATS ae asl be aah? 

cm a au,dav\! , a fy Ou, av 49 7 ar av, aw 

ergs Ay ayt G: ay az : li a +, (2 ra) , 
Fw _ 9 § fau, aw Ou, aw\) au av aw ow 
Pal pat’ ae cd liar az rl bes azi (one ay az aus aie 

(3) 
» and yw being a function of xr, y and 2z. 

The surface waves propagating over the surface of a heterogencous 
material were treated by some authors”. Even for this case we must make a 
serious assumption on the distribution of the clastic constants to render their 
mathematical treatment casy. In the heterogenous medium, the body waves 
have not yet been treated ; and the present author intends to discuss the pro- 
blem. 

In deriving the wave equation, we shall make the assumptions similar with 
those used in deriving the general equation of waves in an ionized medium 
That is, the 'gradicut of the elastic constants is assumed so smal] that it is 
possible to n’glect the terms for the formation of distortional waves associated 
with dilatational waves and the similar terms. Theoretically, in a hetero- 
geneous medium, the purely dilatational (or distortional) waves do not exist, 
and always associate with a small fraction of distortional (or dilatational) waves. 
But it is easily detected that the seismographs show two very distincted stages, 


which are the so-called “ P~” and “S—waves.” ‘The idea that these might 
(1) E, Meissner: Vierteljahr Natur. Forsch. Gesells., Ziillig, S. 181 (1921). 
K. Aichi: Proc. Phys. Math. Soc., Japan, Ser. 3, Vol. 4, p. 137 (1922). 
H. Honda: Geophys. Mag., Vol. IV, p. 137 (1931). 
K. Sezawa: Bul. Seism. Res. Inst.. Téy6, Vol. 9, p. 310 (1931). 
(2) T. L. Eckersly: Proe. Roy. Soc, London, Vol. 152, p. 8-t (1931). 
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be dilatational and distortional waves, emerging at the surface, took firm root 
among scismologists. For this rcason, we assume that, in the earth crust, the 
two kinds of waves exist separately, approximately. For the present purpose, 
if we neglect the terms including the gradients of the elastic constants, we can 
obtain the equation of propagation of waves in a heterogenous medium as 


follows: 
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where @ is the rotation in vectorial form. 
If A is periodic and the frequency is », 
A=A, eft 
we have 


vAy=0. (6) 
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This is the cquation of propagation of elastic waves. The similarity 
between this equation and Schrédinger’s wave equation” is obvious. 
Procecding in the customary way we = a solution of the form 
a:=¢" 
where S is a function of 2, y, z and represents the phrse of a periodic quan- 
tity, then 


van—en (i+ a ndieale 


and we get 


The left-hand side ne Ge} to zero is nothirg but the equation for 





geometrical optics. 
Hence if 227i V’S is negligible ee with 


(5) +Gy) *G 
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then a group of waves will travel along the normal to the surface S=con- 


stant. 


(1) For example, A. Sommerfeld: Atombau und Spectrallinien, Wellenmechanischer Er- 
ginzungsband, S. 6 (1929). 
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The condition 
a as 

QriT’S<Aw “(28 +) + a 28y\, (8) 
has been discussed previously by De Broglie, and is expressed by means of 
the relation, 

1adV 
cos 0 : ai L< (9) 

where V is the velocity, ZL the wave length and d/ an element of length in 
a direction which makes an angle @ with the direction of the ray at the point 
considered. 

Thus if the gradient be so small that V changes only a small fraction 
of V in a wave length, the ray theory is valid, but where the gradients are 
too steep or the wave lengths too long the full wave method must be uscd. 

§2. The problem to calculate the velocity of the scismic waves when 
the hypocenter lies at the ecarth’s surface and the velocity increases con- 
tinuously with the depth have been treated by Benndorf, Bateman, Herglotz, 
Wiechert, Geiger and others. Here the data are borrowed from Mr. H. Honda’s 
paper “The Velocity of the P-Wave in the Surfaco Layer of the Earth- 
crust”), 

Tn the following table arc shown the velocities of P-Wave for each layer 
down to the depth 300 km in the interior of the earth. We suppose the elastic 


constants depend upon the depth only, then relation (9) becomes 
cos@ a aV — Ll, 
Vi dz 


where @ is the angle between the ray and z—axis. If the direction of ray 
is not nearly horizontal, this relation is essentially the same with 


i + AY. ret. 


The value of iu. L for each layer is calculated, and tabulated for 


each of the casés when the wave length is 5km, 10km and 20km, respectively. 
From this table we may conclude as follows: The ray method is valid 


for the propagation of wavea in the deep interior of the earth, but it fails for 





(t) De Broglie: J. Physique, tome VII, p. 322 (1926). 
(2) Geophya Mag., Vol. IV, p. 29 (1931). 
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the propagation of waves in the upper part of the Earth-crust, cspecially for 
the surface laycr down to 20km. The same conclusion holds good for the 


propagation of S-waves. 








